AQA LEVEL 2 FURTHER MATHS - LEVEL 2
CERTIFICATE - CHAPTER 8: CALCULUS

Differentiation,
tangents and
normals, and
stationary points

About 90 minutes No calculator 113 marks

Hints online, answers free with an account:
mathswariz.uk/worksheets/further-maths-calculus/

Date

I3 Do Now

The first one is what today needs. The others bring back earlier work.

Al Needed today [2 marks]
x°® —
Write —5n7 as a sum of terms of the form az™.
T
Answer
A2 From chapter 5 [2 marks]

Work out the equation of the line through (4, —3) that is perpendicular to
2
Yy = gac + 1. Giveitinthe formy = mx + c.

Answer
A3 From chapter 4 [2 marks]
Solve 3z? — 13z — 10 < 0.
Answer
A4 From chapter 2 [2 marks]
Write 22 — 14z + 58 in the form (z — a)? + b.
Answer
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A5 GCSE Higher [2 marks]

54
Solve 2z = —.
x2
Answer
) Examples, then your turn Level 2

Your teacher works through each example with you. Then try the one beside it on your own.

EXAMPLE 1 B1 The normal to the curve [5 marks]
The normal to the curve y = 22 — 3z + 2 at y = 22% + = — 1 at the point
the point P(3, 2) meets the curve again at A where z = —1 meets the
Q. curve again at B.
Work out the coordinates of Q. Work out the coordinates of
B.
y
A
y=x2-3x+2 {

P(3, 2) y =X ax -1

_——/—4 / B > X

Not drawn accurately
p Not drawn accurately
Hint 3£ = 2z — 3 = 3 at P, so the normal has

1 1
gradient —3'Y- 2= fg(:v —3), which is

1
y=-3% + 3. Where it meets the curve,
1
w273x+2:—§w+3, so 32> — 8z -3 =0,
whichis 3z +1)(z —3) =0. 2 =3is P, so Q

1 1 28
hasz=——-andy=-+1+2=—.
3 9 9
Answer B(...... Y e )
. J
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EXAMPLE 2
The curvey = z® + az® + bz + 4 has a
stationary point at (3, —5).

coordinates of the other stationary point
and decide whether each pointis a
maximum or a minimum.

Hint At (3, —5): 27+ 9a+3b+4 = -5, so
3a+b=—12. % =322+ 2az +b=0atz = 3:
6a + b = —27. Subtracting, 3a = —15: a = -5,
b= 3. Then
W _ 322 — 10z + 3 = (3z — 1)(z — 3), so the

. 1 121
other point has z = 3 and y = 57
% =6z — 10is 8 > 0 at z = 3 (a minimum) and

1
—8<0atx = 3 (a maximum).

Work out the values of ¢ and b. Work out the

B2
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The curve [6 marks]
y = ax® + bx?> — 6z has a

stationary point at (1, —5).

Work out the values of a and
b. Work out the coordinates
of the other stationary point
and decide whether each
point is a maximum or a
minimum.

Answer ¢ = ...... b= ...... P G e )

MW-FM-08-R - Page 3 of 12

© 2026 Mathswariz. All rights reserved. Free for personal and classroom use. Not to be sold or republished.



EXAMPLE 3

A closed box is a cuboid. Its base is x cm
by 2z cm and its height is y cm. Its volume
is 72 cm?®.

Show that its surface area, A cm?, is

21
A=4x%+ 76 Work out the least surface

area and show that it is a minimum.

ycm - ———>

X cm
2x cm

Not drawn accurately

. 9 36
Hint 22°y = 72, soy = pof
A = 2(22%) + 2(zy) + 2(2zy), which is
) s 216 4, 216
4x° 4 by = 4z —1—7. &=
when z* = 27, so = = 3. %=8+—>0 a
x
minimum. A = 36 + 72 = 108.

.

Practice

B3

An open box has no lid. Its

[6 marks]

base is z cm by 32 cm and
its height is A cm. Its volume
is 144 cm?.

Show that the area of card
used, A cm?, is

4
A =32+ 382 Work out
T

the least area of card and
show that it is a minimum.

hcm

no lid

3x cm

Not drawn accurately

Each question asks for something different. Show your working.

X cm

Level 2

C1 P(3, 15)isa point on the curve y = 2% — 4z. Q is the point on the curve with z- [3 marks]

coordinate 3 + h.

Show that the gradient of the chord PQ is 23 + 9k + h%. Hence write down the

gradient of the curve at P.
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2 2
-3 3 mark
c2 Y= —( ) . Work out %. 13 marks]
M
Answer & — . ..
Cc3 . . 16 [3 marks]
Work out the coordinates of the point on the curve y = 3x + — where the
x
gradientis 7.
Answer (...... Y e )
C4 9 64 . . [4 marks]
The tangent to the curve y = z* + — at the point P(4, 32) meets the y-axis at
Wi
A and the z-axis at B.
Work out the area of triangle OAB.
y
A
y = X2 + 64/x
A P(4, 32)
//O > X
Answer ...... B
Not drawn accurately
C5  Work out the equation of the normal to the curve y = 23 — 422 4 7 at the point  [4 marks]
where z = 3. Give your answer in the form az + by + ¢ = 0, where a, band ¢
are integers.
Answer ......
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C6  Work out the values of z for whichy = 423 — 322 — 18z + 1 is a decreasing [3 marks]
function.

Answer ......

C7 f(z) =z — 62> + 15z — 4. Use differentiation to show that f(z) is an [3 marks]
increasing function for all values of x.

C8 y=(2z—1)%(z+ 3). Workout g—i%. Hence work out the rate of change of the ~ [3 marks]
gradient of the curve at the point where x = —2, and say whether the gradient
is increasing or decreasing there.

Answer ......
48 . . .
C9 4, — 23+ == forz > 0. Work out the coordinates of the stationary point and [4 marks]
T
decide whether it is a maximum or a minimum.
Answer (...... Y e )
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) Exam-style questions AQA exam style
Answer every question in the space given. Show your working: most of the marks are for method.

D1 Leo is finding the stationary points of y = z* — 4z3. He writes:

"% — 42% — 122% = 0. Dividing by 4z gives z — 3 = 0, so the curve has only one

stationary point, where z = 3."

Leo's conclusion is wrong.

(@) Explain Leo's mistake. [1 mark]

(b) Work out the coordinates of both stationary points. Decide whether each is [5 marks]
a maximum, a minimum or neither. You must show your working.

Answer (...... y e ) and (...... Y e )
Total for D1: 6 marks

D2 Thecurvey = z? — 6z + 5 passes through the point A(4, —3).

(a) Work out the equation of the tangent to the [3 marks] y
curve at A. Give your answer in the form 4

Yy =mx + C.

X
0]
A
B
Answer y=......
. . Not drawn accurately

(b) B isthe point on the curve where the [3 marks]

tangent is perpendicular to the tangent at
A. Work out the coordinates of B.
Answer B(...... Y e )
Total for D2: 6 marks
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D3 A particle moves along a straight line. Its displacement from a fixed point O after ¢
seconds is s metres, where s = 3 — 9¢? + 24t fort > 0.

(a) Work out the times at which the particle is at rest. [3 marks]
Answer t=......

(b) Write down the values of ¢ for which the displacement is decreasing. [1 mark]
Answer ......

(c) The acceleration of the particle is Zs m/s2. Work out the acceleration when [2 marks]
dt
t=5.

Answer ...... m/s?

Total for D3: 6 marks

D4 A closed cylinder has radius » cm and height A cm. Its total surface area is 547 cm?.

(a) Show that the volume of the cylinder, V cm?, is [2 marks] rem
V =277r — wrd.

hcm

(b) Use calculus to work out the greatest volume of [4 marks]
the cylinder. Show that it is a maximum. Give your
answer in terms of .

Not drawn accurately

Answer ...... cm?

Total for D4: 6 marks
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b
D5 A curve has equation y = az + —;, where a and b are constants. The curve passes
X
through the point (1, 10), and its gradient at that point is —14.

(a) Work out the values of a and b. [3 marks]

Answer a =...... ,b=......

(b) Hence work out the coordinates of the stationary point on the curve and [2 marks]

decide whether it is a maximum or a minimum.

Answer (...... Y e )

Total for D5: 5 marks

D6 y=z3+ ka2 + 3z, where k is a constant. % > 0 for all values of z. [4 marks]

Work out the range of possible values of k.

D7 Theliney = 9z — 16 is a tangent to the curve y = z* + kz at the point P, where [5 marks]
k is a constant.

Work out the value of k and the coordinates of P.

Answer k= ...... . P(o..... Y e )
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2
. . . 1 mark
D8 Yy = T . Which of these is %? Circle your answer. L markd
x
2 2 2
1-— 1+ — 1—— 2z
T €T T
Answer
D9 y = f(x) is a cubic function. [3 marks]
f(z) <0forz < —1and f(z) > 0forxz > —1.
The function is increasing for x < 1, decreasingfor 1 < z < 4 and increasing
forz > 4.
Draw a possible sketch of y = f(«) for values of « from —2 to 6.
y
A
@)
: : : : : : : —> X
-2 -1 T 2 3 4 5 6
I3 Extension Stretch

No route is given. Spend five minutes on a problem before you look at a hint. The hints are on the last
page of the worksheet, and you can use one at a time.

E1 Two tangents to the curve y = 2z2 + 8 pass through the origin. Work out the  [4 marks]
equations of the two tangents.

Answer y=...... and y=......
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E2 Thecurvey = 23 + pz? + gz has stationary points where x = —2 and where [5 marks]
x = 4.

Work out the values of p and q. Work out the distance between the two
stationary points. Give your answer as a surd in its simplest form.

Answer p=...... L g = e , distance ......

E3  Work out the shortest distance from the origin O to the curve y = z2 — 4. [5 marks]
Give your answer in its simplest exact form.

Answer ......

fd How did it go?
Colour one circle on each line.

Not yet Nearly Yes
| can work out the gradient of a curve by differentiating, including negative '®) O '®)
powers of x and expressions | expand or divide first.
| can find the equation of a tangent or a normal to a curve, and the points '®) O '®)
where tangents meet conditions.
| can find where a function is increasing or decreasing, and use the second '®) e '®)
derivative.
| can find stationary points, decide their nature, and solve problems about a '®) O '®)
greatest or least value.
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Extension hints

Use one hint at a time. Cover the ones below it with a sheet of paper.

E1 Hint 1 Call the point of contact (p, 2p? + 8). The tangent there has gradient 4p.
Hint 2 A line through the origin with gradient 4p is y = 4pz. It passes through the
point of contact, so 2p? + 8 = 4p x p.
Hint 3 2p® = 8,s0p = 2 or p = —2. The gradients are 8 and —8: y = 8z and
y = —8z.
E2  Hint1 % — 322 4+ 2px + qiszeroatz = —2 and z = 4, so itis 3(x + 2)(z — 4).

Hint 2 3(z +2)(z —4) = 3z% — 6z — 24,50 2p = —6 and ¢ = —24. The points are
(—2, 28) and (4, —80).
Hint 3 The distance is v/62 + 1082 = /11700 = 4/900 x 13 = 30+/13.

E3  Hint1 A point on the curve is P(z, x? — 4). Work with D = O P2: the shortest
distance gives the least D.
Hint 2 D=z*+ (2 —4)? =2 —7Tz? + 16,and 2 = 423 — 14z = 22(22% - 7).
Hint 3 z =0 gives D = 16; z* = I gives D = 13, which is smaller. The shortest

. . 7/15
distance is ,/14—5 -
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